We explore the fate of matter falling into a macroscopic Schwarzschild black hole for the simplified case of a radially collapsing thin spherical shell for which the back reaction of the geometry can be neglected. We treat the internal dynamics of the in-falling matter in the framework of viscous relativistic hydrodynamics and calculate how the internal temperature of the collapsing matter evolves as it falls toward the Schwarzschild singularity. We find that viscous hydrodynamics fails when either, the dissipative radial pressure exceeds the thermal pressure and the total radial pressure becomes negative, or the time scale of variation of the tidal forces acting on the collapsing matter becomes shorter than the characteristic hydrodynamic response time.
I. INTRODUCTION
The fate of matter collapsing into a black hole [1] remains one of the great riddles of theoretical physics. In General Relativity the matter encounters a space-time singularity within finite proper time after passing an event horizon, and no further prediction of its evolution is possible. When quantum physics in the semiclassical approximation is added to this picture, the black hole eventually radiates away the mass of the collapsed matter in the form of Hawking radiation [2] , but this effect does not address the problem of what happens to the matter that has fallen into the black hole, creating the information loss "paradox" [3] .
It is generally agreed that the resolution of both problems, the singularity problem and the information loss problem, requires a full quantum theory of gravity beyond the semiclassical approximation. In one widely studied version of quantum gravity, loop quantum gravity, the interior space-time of the black hole "bounces" when the energy density reaches M 4 P where M P is the Planck mass [4, 5] . In this way the singularity is avoided, the collapse is reversed, and the black hole radiates its mass away while the incipient event horizon dissolves smoothly. A conceptual description of this process, including a semiclassical model of the singularity-free evaporation of the black hole, has been presented in ref. [6] . A simple extension of General Relativity that incorporates a limiting curvature has recently been proposed by Chamseddine and Mukhanov [7] , and its relationship to loop quantum gravity was explored in ref. [8] .
In string theory, much work has been devoted to an understanding of the microscopic origin of the Bekenstein entropy of black holes and how information can be encoded at the event horizon. The dynamics of the collapse and ensuing evaporation process is not well understood. Competing pictures of the black hole as a "fuzzball" of highly excited strings [9] or the event horizon as a "firewall" [10] that would immediately melt additional incoming matter have been proposed, but their validity remains controversial and unresolved.
Here we focus on the dynamics of matter falling into a black hole before it reaches the region of Planck scale space-time curvature. The study of the viscous heating of matter collapsing into a black hole presented here remains fully within the framework of well established physics. It makes use of the insight that quantum physics imposes a lower bound on the ratio of the shear viscosity η to the entropy density s of the matter. The KovtunSon-Starinets (KSS) conjecture [11] asserts that the lowest value of this ratio is 4πη/s ≥ 1 for matter governed by any consistent relativistic quantum theory. The KSS bound is believed to be a strict bound for quantum field theories that admit an Einsteinian gravity dual, but is known to be modestly violated for holographic boundary theories of non-Einstein gravity models [12, 13] . We do not consider the effects of bulk viscosity on the dynamics of collapsing matter, because the bulk viscosity vanishes in the conformal limit, which is usually attained in elementary quantum field theories at high density or temperature.
While the effect of the shear viscosity is negligible in the early stages of the collapse, it becomes relevant in the approach toward the space-time singularity as the gravitational shear forces acting on the collapsing matter grow rapidly. As we will show, the Navier-Stokes approximation to viscous hydrodynamics fails below a certain distance from the singularity, requiring the use of the second-order, causal theory of relativistic hydrodynamics. We obtain analytical solutions to the dynamical equations for shear stress and entropy density in a simple, radially symmetric collapse model neglecting back reaction of the in-falling matter onto the gravitational field, which allow us to explore the effect of viscous heating all the way down to the region where effects of quantum gravity become relevant.
Our paper is organized as follows. First, we briefly remind the reader of the effect of tidal forces on matter falling into a black hole. We next summarize the equations governing the gravitational collapse of matter in the framework of second-order relativistic fluid dynamics. We then study the collapse of a thin shell into a arXiv:1710.00136v2 [gr-qc] 11 Oct 2017
Schwarzschild black hole in a convenient comoving coordinate system and solve the resulting equation for the shear stress in the limit of a constant ratio η/s = (4π) −1 , where η denotes the shear viscosity and s is the entropy density of the fluid and conclude with some speculations about the implications of our result.
II. SPAGHETTIFICATION
In the final phase collapsing matter is transformed into a quark-gluon plasma. The transformation can either be driven by compressional or viscous heating or, in the absence of a sufficiently high entropy at the start of the collapse, will ultimately be driven by the action of tidal forces. The destructive shear effect of the tidal forces on matter falling into a black hole is colloquially known as "spaghettification" [14] . The tidal force compresses infalling matter in the transverse directions and stretches it in the radial direction. The radial stretching first leads to the rupture of macroscopic solid objects, but can even pull apart atoms and eventually hadrons.
The radial tidal force over a distance ∆r on an object with mass m in the gravitational field of a spherically symmetric mass M is:
where R = 2GM/c 2 is the Schwarzschild radius, and G is Newton's constant. Hadrons get disrupted when the tidal stretching force over the size of a hadron exceeds the QCD string tension κ ≈ 1 GeV/fm. For a very rough, order-of-magnitude estimate we set m ∼ Λ/c, ∆r ∼ /Λ, κ ∼ Λ 2 c/ where Λ ≈ 200 MeV/c is the non-perturbative QCD scale parameter. This yields the condition
which is satisfied for
For a 10 solar mass black hole, which has a Schwarzschild radius R = 30 km, we obtain r h ∼ 3 × 10 6 /Λ ≈ 3 nm. Matter can still be described in this domain by standard techniques of thermal quantum field theory in curved space-time, because the hadronic disruption distance is much larger than the radial distance at which the space-time curvature reaches the Planck scale. This condition is satisfied as long as R/r 3 r −2 P , where r P ≈ 10 −35 m is the Planck length. Inserting the expression for the Schwarzschild radius R we obtain
with r c ≈ 10 −22 m for a 10 solar mass black hole.
Whatever the mechanism driving the transformation is, during the final stages of its collapse the in-falling matter forms a quark-gluon plasma, a fluid with the lowest specific shear viscosity known and the greatest ability to flow smoothly under conditions of large shear. Yet, as for any fluid, a hydrodynamic description of the quark-gluon plasma fails when it is forces to respond to changes on time or distance scales that are shorter than the relevant hydrodynamic scales. In this study we will attempt to answer two questions: One is whether the rapidly growing gravitational shear strain on the collapsing quark-gluon plasma leads to a failure of the hydrodynamical description, and if so when; the other is, how hot the plasma becomes before it either enters a non-hydrodynamic domain or reaches the domain where quantum gravity effects become relevant.
III. VISCOUS COLLAPSE
In order to avoid the analytical complications of solving the full nonlinear equations governing gravitational collapse, we consider the collapse of a thin spherical shell of matter into an existing black hole of mass M . We follow the article by Adler et al. [16] on analytical models of gravitational collapse, which analyzes the collapse of fluid spheres. For spheres or shells of dust (pressureless matter) the particles fall freely in the Schwarzschild geometry; when an equation of state p = αε with α > 0 is used, the spherical shell needs to have a nonvanishing surface tension for consistency. We will not be concerned here with this aspect but simply consider the fluid dynamics in an interior region of the collapsing shell. Also from now on, we adopt natural units = c = 1 for convenience.
For the effect of viscosity in gravitational collapse we follow Herrera et al. [17] . Adopting, in part, the notation of [17] we use the following form of the metric (note the opposite overall sign):
. (5) We also need the shear stress tensor π µν , which we write in the form
where χ µ is a unit vector, χ µ χ µ = −1, along the radial direction and h µν is the projector on the hypersurface orthogonal to the four-velocity. The nonvanishing components of the shear strain are (see eq. (9) in ref. [17] ):
where
is the shear scalar. The shear stress tensor can be expressed in terms of a single function Ω(r, t) as:
The relaxation equation of the shear stress (eq. (50) in ref. [17] ) simplifies in the limit considered here. We go beyond the simplest form of the Israel-Stewart theory considered in [17] and include the complete set of secondorder terms obtained in the so-called 14 moment approximation to kinetic theory [18] (see also [19] ). The equation then reads
where η is the shear viscosity, τ π is the thermal relaxation time of the shear stress, and
is the volume expansion scalar. In the comoving coordinates we will be using, A = 1, and the equations simplify further. In the Navier-Stokes (N-S) limit, τ π → 0, eq. (10) implies
and thus
The amount of shear 2 3 σ 2 = σ µν σ µν and volume contraction Θ in the collapsing fluid depend greatly on the details of the collapse. In the case of the collapse of a self-gravitating homogeneous dust cloud, there is no shear (σ = 0) but rapid contraction governed by a contracting FWG geometry. Joshi et al. [20] give an explicit expression for the case of dust (p = 0), but the general solution is more complicated. For a thin shell collapsing into a Schwarzschild black hole, there is both strong shear and volume contraction (Θ = −σ). Other collapse scenarios probably lie in between these two extremes.
Here we adopt the following simplified approach: We consider a pre-existing black hole into which a thin shell of matter falls, which perturbs the metric only marginally, so that we can assume the shell to fall in a Schwarzschild background with Schwarzschild radius R = 2GM . The Schwarzschild metric in Painlevé-Gullstrand form (see eq. (50) of ref. [16] ) is given by: (14) with ψ = − R/r. We assume that the shell falls along the geodesic of a free particle:
It is convenient to consider ρ as the comoving radial coordinate. We now transform the metric from the Painlevé-Gullstrand form with coordinates (r, t) to comoving coordinates (ρ, t). Using the differential
we easily obtain
Comparing with (5) we read off the following metric functions:
with r(ρ, t) given by (15) . We can now calculate the shear scalar (8):
It may be tempting to simply adopt the N-S approximation, where the shear stress is given by (13). However, this limit must fail at some point during the collapse, because the shear stress in the fluid cannot instantaneously adjust to the ever more rapidly growing gravitational shear strain. We thus need to solve the relaxation equation for the shear stress (10) with A = 1.
Since the relaxation time τ π is a function of the temperature T , the relaxation equation for the shear stress cannot be solved in isolation, but needs to be solved together with the equation governing the growth of the entropy density. The equation for entropy production in a viscous fluid can be found, e.g., in ref. [15] , eq. (28):
where as usual the semicolon denotes the covariant derivative and
is the metric determinant. Since σ and Ω have opposite signs this implies entropy growth as dictated by the second law of thermodynamics. In the comoving frame the spatial entropy current s vanishes, and we have s 0 = s. The left-hand side of the entropy growth equation thus takes on the form
For an ultrarelativistic gas in the high temperature limit, we have s ∝ T 3 and after a few manipulations we find:
Equations (10) and (23) yield two equations governing the evolution of the temperature and the shear stress. It is useful to rewrite them in terms of the entropy densitynormalized shear stress ω = Ω/s, which has dimension of energy:
The advantage of this rewriting is that it removes a large part of the temperature dependence from the shear viscosity, in some limits, all of it. Equations (24, 25) can be solved when the time evolution of the shear strain σ and the ratio η/s are known. For the collapsing shell in the Schwarzschild geometry, σ is given by (19) , and we will assume that η/s is a constant. There are then two different limits of (10) that need to be considered. One is the domain, at large r, where the shear strain σ is small and slowly varying, and therefore the left-hand side of (10) can be neglected. This is the domain of validity of the Navier-Stokes approximation. The other is the domain where σ is large and varying rapidly (though still on time scales large compared to τ π ), where the second term on the right-hand side of (10) can be neglected. We shall denote the radius at which the transition between these two domain occurs by r m . Finally, as we shall see below, there is a third domain at the smallest radii where the rate of change of tidal forces exceeds the inverse hydrodynamic response time and the collapsing matter dissolves into a collection of nearly freestreaming quanta. We shall denote the radius where this transition occurs by r g .
IV. NAVIER-STOKES LIMIT
We first consider the Navier-Stokes (N-S) limit (r > r m ):
and (25) takes the form
Using dt = −dr r/R at fixed comoving position ρ, we obtain d dr
which has the solution
The N-S approximation is applicable when the viscous correction to the stress tensor is small compared with the thermal stress. Using (9) and the ultrarelativistic form of the thermal equilibrium entropy, s th = aT 3 , the radial pressure assumes the form:
Like other thermodynamic variables, the entropy factor s in the second term contains thermal equilibrium and viscous contributions. Since the second term already represents the viscous contribution to the radial pressure, which is assumed to be small in the N-S limit, it is consistent to approximate the entropy factor s in the second term by the leading contribution, the thermal entropy s th . This yields
The condition for the validity of the N-S approximation thus becomes
According to (29) , and neglecting the viscous contribution, this condition is satisfied as long as
It is easy to confirm that in this region the viscous correction to the temperature is, indeed, small.
V. SECOND-ORDER VISCOUS HYDRODYNAMICS
Since we are interested in the behavior approaching the singularity, we now consider the opposite case where the growth rate of the shear strain σ is too fast for the shear stress to adjust instantaneously. In this domain (r < r m ) it is possible to neglect the second term on the right-hand side of (24) . Again using dt = −dr r/R at fixed comoving position ρ, introducing the dimensionless shear stress ω = ω/T , and inserting the Schwarzschild expressions for σ and Θ, the shear stress relaxation equation becomes:
In order to make progress, we need to fix the temperature dependence of the relaxation time τ π of the shear stress.
Here we adopt the parametrization
The proportionality constant has the value β = 5 in the conformal Boltzmann gas limit [18] , and β = 2(2 − ln 2) in the strongly coupled super-Yang-Mills theory [21, 22] . Specializing to the conformal limit s ∝ T 3 , the equations forω and T become:
where we used the second equation to eliminate d(ln T )/dr from the first equation. Remarkably, the two equations no longer depend on the value of η/s nor on the value R of the Schwarzschild radius. Equation (36) is solved by a constantω that satisfies the condition
The 
We can now use (37) to solve for T (r):
The expression for ω(r) =ω T (r) grows more slowly for r → 0 than σ ∼ r −3/2 , confirming our assumption that the second term on the right-hand side of (24) can be neglected in this domain.
The solution (41) of second-order viscous hydrodynamics assumes that the time scale of change of the gravitational shear strain σ is longer than the hydrodynamic response time τ π . The rate of change of σ is given by
The constraint τ π < τ g is satisfied when r > r g with
(44)
VI. SOLUTION MATCHING
As discussed above, the N-S approximation applies for large values of r where the gravitational shear strain is small. The limiting solution of the second-order theory that we derived in the previous section applies for small values of r where the shear strain is large and growing rapidly. In order to match the two solutions we choose the radius r m where the pressure anisotropy ξ coincides for the two solutions. Using (9), ξ is in both cases given by the expression
Using the expression (26) together with (19) and the ideal fluid limit of the temperature (29) we obtain for the N-S solution:
For the causal viscous hydrodynamics solution with ω(r) =ω T (r) the anisotropy is
which is time independent. The two expressions coincide when
It is reassuring that the coefficient −3/ω in (48) is numerically of similar size as the coefficient in (33). The parameters of the matched second-order solution are then related to those of the N-S solution as
We still need to check whether the assumption underlying viscous hydrodynamics, that the viscous corrections to the stress tensor do not exceed the pressure, are satisfied. Using the results just obtained, we find for the shear stress scalar:
while the thermal equilibrium pressure is given by P eq = 1 4 sT . For our two limiting cases of the relaxation time coefficient, we have:
which means that the positivity of the radial pressure is violated in both cases. This result shows that the validity of the formalism of second-order viscous hydrodynamics is, at best, marginal, and that higher-order corrections should be taken into account. However, it is worth noting that the second-order theory represents a vast improvement over the N-S approximation, which fails completely upon approach to the singularity as we saw in the previous section.
In Figure 1 we show the complete solution for T (r) for the parameters r 0 /R = 1, β = 2(2−ln 2), and T 0 = 20/R. The figure shows the temperature in viscous hydrodynamics (solid red line) in comparison with that found in ideal hydrodynamics (dashed blue line). The arrows indicates the matching radius r m and the radius r g where the hydrodynamic description fails. Figure 1 shows that the effect of viscosity on the temperature in the domain of validity of the N-S approximation is small. Quite generally, one finds that r g ≈ r m implying that second-order hydrodynamics only slightly extends the extent of validity of hydrodynamics beyond the domain of validity of the Navier-Stokes approximation. This can be seen as follows: Setting r 1 = r m in (44) 
where T 1 = T (r m ). On the other hand, combining (33) and (49) yields
Inserting this result into the previous equation, we obtain
which is slightly less than unity for the two values of β considered here (β = 5 and β = 2(2 − ln 2) ≈ 2.61).
It is instructive to consider some semi-realistic examples. We choose the following parameters: R = 30 km, r 0 /R = 1, β = 2(2 − ln 2), η/s = 1/4π, and consider the following two initial temperatures: T 0 ≈ 0.25 meV (temperature of the cosmic background radiation) and T 0 = 100 MeV (10 percent of the proton rest mass), assuming substantial pre-heating of the matter during its accretion into the vicinity of the event horizon. The matching radius r m and temperature T m = T (r m ) are then found as shown in Table I . Both the radial dis- tances and the temperature fall well into the domain where quantum gravity effects can be ignored.
The question remains what happens at distances r < r g r m where the hydrodynamical description fails. One possibility is that the hydrodynamical model needs to be replaced by a kinetic description of interacting quanta in phase space for r < r g that can account for the fact that the relevant response times of the medium are shorter than the hydrodynamical response times. Another possibility is that the continuous fluid model fails as the radial pressure becomes negative for r < r m and medium mechanically ruptures (cavitates) in the radial direction into increasingly smaller domains. Yet another possibility is that the increasingly anisotropic quark-gluon plasma spontaneously develops growing domains of partially coherent color fields that modify the transport equations [23, 24] . Possibly more than one of these scenarios is relevant.
VII. CONCLUSION
We have explored the fate of matter falling into a macroscopic Schwarzschild black hole for the simplified case of a radially collapsing thin spherical shell for which the back reaction of the geometry can be neglected. We have treated the internal dynamics of the infalling matter in the framework of viscous relativistic hydrodynamics and calculated how the internal temperature of the collapsing matter evolves as it falls toward the Schwarzschild singularity. We found that viscous hydrodynamics fails when either, the dissipative radial pressure exceeds the thermal pressure and the total radial pressure becomes negative, or the time scale of variation of the tidal forces acting on the collapsing matter becomes shorter than the characteristic hydrodynamic response time. We denoted the first radius by r m , and the second radius by r g , and found that r g r m .
We found that the temperature T of a shell of matter collapsing into a black hole grows as a power of the radius parameter on its approach toward the quantum gravity domain that shields the classical singularity. Since the temperature of the matter remains far below the Planck scale, it can be described by conventional methods of thermal quantum field theory. We found, however, that the pressure anisotropy becomes large in the smallr region where the Navier-Stokes approximation fails. As even the validity of causal second-order viscous hydrodynamics in this domain is questionable, more work will need to be done before definitive conclusions can be reached. An approach that treats the anisotropy of the stress tensor in all orders, such as anisotropic hydrodynamics [25, 26] or a kinetic approach [27] , may be better suited to describe this region.
Another interesting approach, especially for the treatment of a collapsing, strongly coupled quark-gluon plasma, would be a holographic description of the collapse. In such an approach the space-time metric (17) of the black hole represents the boundary geometry of a five-dimensional space-time with a black brane, and the hydrodynamical evolution is recovered from the infrared near-boundary fluctuations around the black-brane background [28] . Many other future research directions come to mind: One would be the numerical solution of the full set of Einstein equations combined with the relaxation equation for the dissipative stress tensor, including the back reaction of the metric to the collapsing matter. By modifying the equation for the gravitational field in such a way that a singularity is avoided, it would be possible to describe the entropy generation during a gravitational bounce.
In memoriam
This article is dedicated to the memory of Walter Greiner, our teacher, advisor and mentor during early parts of our careers. Walter was an inspiring scientist and teacher, who taught all that came into close contact with him that the curiosity of the scientific mind should know no bounds. In this, he led by example. It was Walter's mantra that scientific inquiry should not impose limits on itself by sticking to generally accepted approaches to a given problem or established ways of thinking about it.
For much of his life he was fascinated by the question how the vacuum -empty space -responds to external forces, such as strong fields. In his later years as a scientist, Walter was particularly curious about black holes, i.e. strong gravitational fields. He and his collaborators explored theories that would avoid the existence of black holes [29, 30] . While we do not follow this idea here, we recognize that the question, what kind of objects black holes exactly are, still remains an area of inquiry.
In our article we address a very specific question: how matter falling into a Schwarzschild black hole is viscously heated by the tidal forces it encounters. In doing so, we connect with two of Walter's lifelong interests: black holes and relativistic hydrodynamics of matter under extreme conditions. We believe that in doing so the article would, at the very least, have captured his interest.
